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Abstract 

It is shown that the periodic DNLS, with cubic nonlinearity, possesses 
gap solutions, i. e. standing waves, with the frequency in a spectral gap, 
that are exponentially localized in spatial variable. The proof is based on 
the linking theorem in combination with periodic approximations. 

Mathematics subject classification: 35Q55, 35Q51, 39A12, 39A70, 
78A40 

Introduction 

In this paper we consider spatially localized standing waves for the discrete 
nonlinear Schrodinger equation (DNLS) 

ilp n = -Alp n + £ n 1p n - UXn \tyn\ 2 Ipn, " G Z, (0.1) 

where a = ±1, 

is the discrete Laplacian in one spatial dimension and given sequences e n and 
Xn are assumed to be TV-periodic 111 Tlj 1. G. £n-\-N — £n and Xn+N = Xn- 
Such solutions are often called intrinsic localized modes or breathers, but in the 
case under consideration we prefer the name " gap solitons " due to the obvious 
analogy with gap solitons in photonic crystals (see, e. g. [T1BHT5]). 
Making use the standing wave Ansatz 

ip n = u n exp(iwf), 

where u n is a real valued sequence and we arrive at the equation 

-Au n + e n U n - 0JU n = <JXn\u n \ 2 U n . (0.2) 
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We impose the following boundary condition at infinity: 

lim u n = 0, (0-3) 

n — >±oo 

and we are looking for nontrivial solutions, i. e. solutions that are not equal to 
identically. 

Actually, we consider a more general equation 

Lu n - uiu n = axn\u n \ 2 u n (0.4) 

with the same boundary condition (|0.3fl . Here L is a second order difference 
operator 

Lu n = a n u n+ i + a„_iu„_i + b n u n 

where a n and b n are real valued TV-periodic sequences. The operator L can be 
represented in the form 

Lu n = -(d*a„d)f n + (a„_i + a n + b n )u n , 

where 

du n = u n+ i—u n , d*u n = u n -i - u n . 

When a n = 1 and b n = —2 + e n , we obtain equation 10.211 . 

We consider equation (|0.4|) as a nonlinear equation in the space I 2 of two- 
sided infinite sequences. Note that every element of I 2 automatically satisfies 

The operator L is a bounded and self-adjoint operator in I 2 . Its spectrum 
<j{L) has a band structure, i. e. er(L) is a union of a finite number of closed 
intervals (see, e. g., HE]). The complement R\ <j(L) consists of a finite number 
of open intervals called spectral gaps. Two of them are semi-infinite. We fix 
one such gap and denote it by (a, (3). 

Our main result is the following 

Theorem 0.1 Suppose that \n > and uj G (a, ft). If either a = +1 and 
j3 +oo, or a = —1 and a =/= — oo, then equation has a nontrivial solution 

uGl 2 and, moreover, the solution u decays exponentially at infinity: 

Kl < Ce" 71 ™ 1 , neZ, 

with some C > and 7 > 0. // either a = +1 and [3 = +00, or a = —1 and 
a = — 00, then there is no nontrivial solution in I 2 . 

The proof contained in Sections is variational. Its idea is borrowed from 
|17| and based on so-called periodic approximations. In what follows we consider 
the case a = +1. The other case reduces to the previous one if we replace L by 
— L and uj by — to. 
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1 Variational setting 



On the Hilbert space E = I 2 , we consider the functional 

+00 

2 4 



1 1 + °° 



n— — 00 



where (■,■) is I 2 inner product. The corresponding norm in E is denoted by 
I • || . The functional J is a well-defined C 1 functional on E and equation l|0.4|l is 
easily recognized as the corresponding Euler-Lagrange equation for J (remind 
that cr = +1). Thus, we are looking for nonzero critical points of J. 

Fix an integer k > and denote by Ek the space of all /cTV-periodic sequences. 
This is a fciV-dimensional Hilbert space endowed with the inner product 



fcJV-l 

(u,v)k= ^ u ^v n , u,veEk, 
and corresponding norm || • ||fe. On the space Ek we consider the functional 

fcJV-1 



Jk(u)^^{Lu~UJU,u) k -j ^ XnU^. (1.2) 
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n=Q 



n— — 00 
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Due to the periodicity of coefficients the operator L acts in Ek- Critical points 
of Jk are exactly fciV-periodic solutions of equation l|0.4Jl with a = +1. 
For gradients of J and Jk we have the following formulas: 

+00 

(VJ(u),v) = (Lu-uu,v) - ^2 XnU? n v n , v e E, (1.3) 

and 

(VJ k (u),v) = (L k U-UJU,v)k - ^ XnU^Vn, V S E. (1.4) 

n=Q 

We denote by Lk the operator L acting in Ek- From the spectral theory 
of difference (Jacobi) operators (see, e. g., it follows immediately that 

a(Lk) C a(L) and, hence, ||i fe || < ||L||. 

Let Ejl (respectively, E^) be the positive (respectively, negative) spectral 
subspace of the operator Lk — to in Ek ■ Similarly, we introduce the positive and 
negative spectral subspaces E + C E and E~ C E, respectively, for the operator 
L — oj. Let 

S = min [|a — u>\, |/3 — cj|] 
be the distance from u> to the spectrum cr(L). Then 

±{Lu-luu,u) > 5\\u\\ 2 , ueE ± , (1.5) 



and 

Now we are ready to prove the nonexistence part of Theorem lQ.il 



±(L k u-u>u,u) k >6\\u\\ 2 k , ueE^. (1.6) 
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Proposition 1.1 Suppose that (3 = +00. Then the only critical point of J 
(respectively, Jk) is the origin of the space E (respectively, Ek). 

Proof. We consider the case of J, the remaining case being similar. 
Let u £ E be a critical point of J. Then, by (|1.3fl and positivity of \n, 

+00 

= (VJ(u),u) = (Lu-UJU,u) - ^ XnU„< 

n— — 00 

< (Lu — LOU, u). 
Since [3 — +00, we have that E + = {0} and, by p. 5(1. 

o<-<5|MI 2 

which implies that u = 0. □ 



2 Technical results 

To prove the existence of fciV-periodic solutions, as well as to pass to the limit 
as k — > 00, we need some preliminaries. We start with 

Lemma 2.1 For any nontrivial critical points vS k ^ £ Ek of Jk and u G E of J , 
with critical values = Jk(u^) and c — J(u), we have 

\\uW\\ k < 45- 1 ^- 3 / 4 ( C W) 3 / 4 

and 

\\u\\ < iS-^-^c 3 / 4 , 
where k = min{x„} and k = max{x„}. 

Proof. We have 

1 /l 1\ + °° 

c = J(u)- ^ (VJ(«),u) = ( - -|J J] x»«£> 



> ~«Nlk (2.1) 

where || • ||/ P stands for the norm in the space l p . Let u be the orthogonal 
projection of u into i? ± along E T . Then 

+00 

= (VJ(u),u + ) = (Lu- lou,u + ) - 2J Xn,ulu+ = 

71— — OG 



71— — OQ 
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and we obtain, using Holder's inequality, that 







1/2 


+00 


1/2 


S\\u+\\ 2 < K 


E < 

_n— — oo 




E Kt) 2 
_n— — 00 




= *\ 


u\\%\\u + \\ 




u\\f4u + \\. 





Hence, by (jSHJ, 

|| u +||2 < 2 3 / 2 ,5- 1 «^ 3 / 4 c 3 / 4 || U + ||. 

Similarly, 

l| u -|| 2 <2 3 / 2 r 1 ^- 3 / 4 c 3 / 4 || u -||. 

Since 

IMI 2 = || U +|| 2 + IMI 2 

and 

\\u + \\ + \\u-\\<2 1 / 2 \\u\\, 
the two previous inequalities imply that 

||U|| < 4^- 1 KK- 3 / 4 C 3 / 4 . 

The remaining case of is similar. □ 
We need also lower estimates for nontrivial critical points and critical values. 
Lemma 2.2 Under the notation of Lemma \2.1\ 

\\u\\ 2 >2- 1 / 2 5-R-\ 

C > — S 2 K~ 2 K, 

~ 8 

\\uW\\1>2- 1 ' 2 &k- 1 

and 

8 

Proof. Consider the case of J, the other case being similar. 
Since J'(u) = 0, then (j'(u),v) = for any v G E. Taking v = w + , the 
orthogonal projection of u onto E + , we have as in the proof of Lemma 12. II 

^ + ii 2 <E*««- 

ti£Z 

Using the Holder inequality with p = 4/3 and p' — 4, we obtain 
S\\u+\\ KnMUu+y <k\\u\\ 3 \\u+\\. 
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Similarly, taking v = u , the orthogonal projection of u onto E , we obtain 
that 

5\\u-\\ 2 <k\\u\\ 3 \\u-\\. 
Combining the last two inequalities, we have that 

5\\u\\ 2 <k\\u\\ 3 (\\u+\\ + \\ u -\\) <2^k\\u\\\ 

Hence 

|M| 2 > 2- 1 ' 2 5k-\ 

The bound for c follows immediately from the last inequality and Lemma l2.ll 

□ 

3 Existence of periodic solutions 

In this section we prove the existence of nontrivial fcTV-periodic solutions to 
equation 1)0. 4J1 . Actually, we show that the functional Jk possesses a nontrivial 
critical point. Moreover, we derive some uniform in k bounds for the critical 
points and corresponding critical values. The proof relies upon the standard 
linking theorem (see Appendix B). 

Recall that a sequence v^' £ Ek is called a Palais-Smale sequence for Jk at 
level b if J k {v<J)) -> b and J' k (v {j) ) -» as j -> oo. 

Lemma 3.1 The functional Jk satisfies the so-called Palais-Smale condition, 
i. e. every Palais-Smale sequence contains a convergent subsequence. 

Proof. Since the space Ek is finite dimensional, it is enough to show that 
every Palais-Smale sequence is bounded. Moreover, replacing L by L + w and 
lo by lo + loq, with some loq, we can assume that L>1, i. e. 

(Lv,v)k>\\v\\l, veE k , 

and lo > 0. 

Let t>W be a Palais-Smale sequence at some level b. Fix j3 6 -J . For j 
large, we have 

b+l+ (3\\v {3) \\ k > J k {v {3) ) = 




G 



Since a 2 < K(e) + ea 4 , where K (e) — > oo as e — > 0, and a; > 0, we can choose 
e so small that the third term above absorbs the second one up to a constant. 
Hence 

b+l + 0\\v^\\ k > ll^llfc + Cll^K-^o, 

with C > and Co > 0. This implies immediately that the sequence \\v^ 1 1 is 
bounded and the proof is complete. □ 

Now let us check that the functional J k possesses the linking geometry (see 
Appendix |B|) . with Y = E^ and Z = Et ■ Remind that we consider the case 
when (3 ^ +00 and, hence, E^ ^ {0}. Fix two constants g > r > and choose 
z k e E£ as follows. 

Let z € E + be an arbitrary unit vector. We set 



zk = „ n +o m p kSkz e El 
\\PkS k z\\ k 

(see Appendix^]for the definition of operator S k ). The vector z k is well-defined 
at least for sufficiently large fc, say, k > k$. If k < ko, we choose z k to be an 
arbitrary unit vector in E~£ . Now we set 

S={veE+ : \\v\\ k = r} 

and 

M={v = y + tz k : \\v\\ k < g, t > 0, y e E^} . 
Let Mo be the boundary of the set M, 

M Q = {v = y + tz k : y e E^, \\v\\ k = g and t > 0, or \\y\\ k < g and t = 0} . 

Lemma 3.2 For g > /arge enough 

Jk{v)<0, veM , 

while 

provided r 2 < k~ 5. Moreover, there exists a constant C > independent of k 
and such that 

J k (v) <C, v£ M. (3.1) 
Proof. For w S we have 



1 



^ ^ fcJV-l 



n=0 
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This implies that, for r 2 < (k) 1 S, 

J/c > — r 2 on S 1 . 

Now let us consider J k on M. Since -B^ are mutually orthogonal spectral 
subspaces of Lfc, 

1 ^2 
Jk(y + tz) = -(L k y-Ljy,y) k + — (L k z k -LUZ k ,z k ) k ~ 

^ fcJV-l 

- 4 Xn(y„ + i^) 4 . 

Hence, 

■My + tz) < - 5 - \\y\\l + £ ((L fc - c)z fe , z fe ) fc - i « || V + tz fc ||f, . 

Consider the subspace X = © Rz fe C E k endowed with the norm || • || ( 4 
(for the definition of || • ||;p see Appendix A). The map y + tz k i— ► tz k is a bounded 
projector onto Rz. Since its norm is not less that 1, we see that 

\\y + tz k \\ lt > \\tz% t . 

Hence, 

My + tz k ) < -~ \\y\\t + |((L fc - u;)z k ,z k ) k - \nt A \\z k \\\. (3.2) 
We have that 

({L k -Lu)z k ,z k ) < ao, 
where ao = \\L k — u>\\, and, by (|A.2|I and Lemma \A. II 

lim \\z k \\f t = \\P+z\\% = \\z\\%. 
Inequality Q3.2J I implies that 

J fc (y + < -5 \\y\\l + a i?- ai S < | e - ai t\ (3.3) 

with some a± > independent of fc. Therefore, for all g large we have that 
J k < on Mo- Moreover, 

sup Jfc(v) < C = max ( 1 2 — c\ t A J , 

with C > independent of k. The proof is complete. □ 
Now we are ready to prove the existence of periodic solutions. Remind that, 
without loss of generality, we consider the case a = +1. 
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Theorem 3.1 Suppose that \n > and lu G (a, 0), with (3 +oo. Then for 
every k > 1 equation \0-4\l , with a = +1, has a nontrivial kN -periodic solution 
vS k ^ . Moreover, we have the following bounds: 

Jk(u {k) )<C, 

||u<*>||*<<7, 

where C > is independent of k. 

Proof. The existence follows immediately from the standard linking the- 
orem (see Appendix iBl . Indeed, to apply that theorem we need two things: 
(a) the Palais-Smale condition and (b) the linking geometry. The Palais-Smale 
condition is verified in Lemma 13.11 while Lemma 13.21 means exactly that the 
functional possesses the linking geometry. 

Moreover, the linking theorem states that the corresponding critical value 
satisfies 

J k (u {k) ) < sup J k (v). 

M 

Therefore, the upper bounds for the critical points and critical values follow 
from Lemma [3.21 and Lemma l2~Tl □ 



4 Existence of localized solutions 

The following result gives the existence of solution u s I 2 in Theorem lU.il 

Theorem 4.1 Under assumptions of Theorem lff.il equation \U-4\j possesses a 
nontrivial solution u € I 2 ■ 

Proof. Consider the sequence = {un } of fciV-periodic solutions found 
in Theorem 13. II 

First we claim that there exists Sq > and nt€2 such that 

K>|>*o. (4.1) 

Indeed, if not, then -> in l°°. Hence, = R k u^ -> in By Theo- 
rem !3.2l ||?/ fe )||;2 = ||u^||fe is bounded. Now the following simple inequality 

lhC < NIP 2 II*, 

where p > 2, shows that v (fe ) — > in all l p , p > 2. Hence, — > for 
all p > 2. As in the beginning of proof of Lemma 12.11 we have that for the 
corresponding critical value c k = Jk(u^ k ') 

0<c fe 4 E XnW«] 4 <J||««||J-0. 

n£Q k 

However, this contradicts Lemma \l. 21 and we obtain (|4.1|) . 
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Due to periodicity of coefficients, {u^lj^} is also a solution of (|0.4fl . Hence, 
making such shifts, we can assume that < < N — 1 in (|4.1(l . Moreover, 
passing to a subsequence of fc's, we can even assume that = uq is independent 
of k. 

Next we extract a subsequence, still denoted by u^ k \ such that Urf* — > m„ 
for every n G Z. Inequality (|4.1(l implies that |un | > <^o and, hence, u = {u n } 
is a nonzero sequence. It is not difficult to show that equation (|0.4|1 possesses 
point-wise limits and, therefore, u is a solution of that equation. 

Finally we have that 

E K fe) | 2 <n« (fe) iu<c 

n=— a 

for any fixed a G Z and & large enough. Passing to the limit, we have that 

a 

E Kl 2 <c- 

n— — a 

Since a is arbitrary, u £ I 2 . □ 

Remark 4.1 Consider equation (|f).4|l with small nonlinearity, i. e. 

Lu n - uu n = a \Xn\u n \ 2 u n , 

where A > is a small parameter (all other data, including u>, are fixed). Then 
Lemma ETT1 shows that for the solution u — u\ S I 2 obtained in Theorem 10. II we 
have that 

KH 2 >cA-\ 

with c > 0. This means that the solution u\ bifurcates from infinity. Actually, 
one can scale out A and obtain the same conclusion directly. 

5 Exponential decay and nonexistence result 

To complete the proof of Theorem 10.11 we have to show that the solution ob- 
tained decays exponentially fast. Actually, we have 

Theorem 5.1 Under assumptions of Theorem \'3.1\ let u £ I 2 be a solution of 
equation j0.4\ )- Then u satisfies 

\u„\ < Ce" 71 ™ 1 , rceZ, 

with some C > and 7 > 0. 

Proof. Let v n = — o-x n \u n \ 2 ■ Then 

Lu n -U!u n = 0, (5.1) 
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where 

Lu n = Lu n + v n u n . 

Since limini—Hx, v n = 0, the multiplication by v n is a compact operator in I 2 . 
Hence, 

a ess (L) = a ess (L), 

where o~ ess stands for the essential spectrum. Now (|5.1|l means that u = {u n } 
in an eigenfunction that corresponds to the eigenvalue of finite multiplicity u> ^ 
a ess (L) of the operator L. Therefore, the result follows from the standard 
theorem on exponential decay for such eigenfunctions (see, e. g. [25]). □ 
The following result shows that if uj G then equation (|0.4|) has no 

well-decaying (e. g., exponentially fast) nontrivial solution. 

Theorem 5.2 Suppose that uj e o~(L) and u is a solution of j0-4\ ) such that 
H 1 / 2 ^ e I 2 . The u n = 0. 

Proof. We have that u satisfies (|5.1|) and this means that uj is an eigenvalue 
embedded into a ess (L). The potential v = {v n } satisfies \n\v n S I 1 and, by The- 
orem 7.11, |25j . o~ ess (L) is absolutely continuous, hence, contains no embedded 
eigenvalues. □ 



6 An extension of main result 

Consider the following equation 

Lu n - uju n = af n (u n ) (6.1) 

which is more general that HU.4|) . Here the operator L is of the same form as 
above, uj belongs to some spectral gap (a, (3) of L and a = ±1. The nonlinearity 
f n (u) is supposed to satisfy the following assumptions. 

(i) The function f n (u) is continuous in u € K and depends periodically in n, 

with period N. 

(ii) There exist p > 2 and c > such that 

< f n (u) < cM^ 1 

near u = 0. 
{Hi) There exists /i > 2 such that 

0<HF n {u)= / f n {t)dt< f n (u)u, U^Q. 

Jo 

Arguing as in the proof of Theorem 10.11 with corresponding modifications 
(see |17j for a similar result for continuum periodic nonlinear Schrodinger equa- 
tions), we obtain the following result. 
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Theorem 6.1 Under assumptions (i)-(iii) suppose that either a = +1 and 
j3 7^ +oo, or a = — 1 and a ^ — oo. TTien equation \6.1\i has a nontrivial 
exponentially decaying solution. If either a = +1 and (3 = +00, or a — — 1 and 
a = — oo, £/ien i/iere is no nontrivial solution in I 2 . 

The most important example is the power nonlinearity 

f n (u) = XnM P ~V (6.2) 

withp > 2. Ifp = 4, we obtain the cubic nonlinearity considered in Theorem lU.il 
Theorem 16. II can be extended immediately to the case of equation Ijtj.lfl on 
1 d , d> 1, where 

Lu n = a(n,m) u m . 

Here a(n, m) satisfies 

a(n + N, m + N) = a(n, m) 
for some N = (Ni,N 2 , . . . ,N d ) and 

a(n, m) = 

whenever \n — m\ > ao > 0. The nonlinearity f n , n 6 Z rf , must satisfy (i)-(m) 
and the periodicity assumption 

fn+N(u) = fn(u), 

with the same N as above. 

7 Concluding remarks 

In the past decade, localized solutions of DNLS has become a topic of intense 
research. Much of this work concerns the standard constant coefficient cubic 
DNLS and has been summarized in reviews (7J 111! Constant coefficient 

DNLS with general power nonlinearity 16.2(1 (xn = 1) is considered in |27j . 

Certainly, DNLS with periodic coefficients is not less important. In this case 
a new phenomenon appears. While the spectrum of —A consists of a single 
closed interval, in the spectrum of periodic operator L finite gaps typically open 
up. The corresponding DNLS may have standing wave solutions with carrier 
frequency in such a gap. Theorems 10.11 and 16.11 give rigorous results of this type. 

Note that in the case of periodic DNLS, and even for more general equations, 
with u> below or above the spectrum (depending on a) , such solutions are shown 
to exist in In that paper the so-called Nehari manifold approach is em- 

ployed, together with a discrete version of concentration compactness principle. 
For such values of u) the quadratic part of the corresponding functional is posi- 
tive or negative definite. This fact simplifies the situation considerably. When u> 
lies in a finite gap, the quadratic part of the functional is strictly indefinite. This 
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suggests us to use the linking theorem combined with periodic approximations. 
Such approach was used before in EI HOI El El EU • Another approach to 
localized solutions of periodic DNLS, based on the generalized linking theorem 
(see, e. g. j^Hl) will be discussed elsewhere. 

Note that two-dimensional discrete gap solitons are observed experimentally 
[HI in] ■ I n EH results on numerical simulation of gap solutions in a particular 
periodic DNLS are reported. 1 

A Operator L 

Let I denote the vector spaces of all two sided complex valued sequences u = 
{u n }nez and l p C I, 1 < p < oo, the subspace of all p-summable (bounded if 
p = 00) sequences. Endowed with the standard norm |j • ||; P , l p is a Banach 
spaces (Hilbert space when p — 2). 

Let N > 1 be a given integer and a n and b n two real valued sequences. The 
formula 

Lu n = a m u n+ i + a n -xu n -i + b n u n (A.l) 

defines a linear operator acting in the space I. Moreover, L is a bounded linear 
operator in the space l p , 1 < p < 00, and this is a self-adjoint operator in I 2 . 
The space of all fcTV-periodic sequences is a finite dimensional subspace of 
Z°° invariant with respect to L. The restriction of L to Ef. is denote by Lf.. 
Let 

Qk = In e Z : - 

where [x] stands for the integer part of x. For a sequence u = {u n } G I we set 

p _ / u n if n € Q kl 
kUn ~\0 if n i Q k 

and denote by SkU n a unique sequence that belongs to Ek and such that 

S k u n = u n if n G Qfc. 

Thus, -R/c is a "cwi ojf" operator, while Sfc is "periodization" operator. For 
u <E Ek we set 

|]u||,p - HiZfctillj,. 

For any fixed k, \\ ■ ||;p, 1 < p < 00, form a family of equivalent norms on Ek, 
II ' Hi 3 = II ' llfc i s the standard Euclidean norm on Ek and (RkU, Rkv) = (u,v)k 
is the standard inner product on Ek- 
Obviously, 

\\R k u\\iP < \\u\\ip 

and 

WSkuWtv < ||u||,, 

x The author thanks J. Fleischer and A. Gorbach for these references. 



kN 



<n<kN 



kN 
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for all u G V . The following identities are easy to verify: for every u G l p , 
1 < p < oo, 

lim \\R k u\\ lP = lim ||5 fc tt||» = |M| iP , (A.2) 

fc— *oc k—>oo k 

lim ||ii2fcu||p. = lim ||iZ fc £u||, S = ||Lu[[jp, (A.3) 
lim HLfeS'fculljp = lim ||,SVL<u|U = (A. 4) 

fe — >oo te fc — »oo k 

Let A G C \ (t(L). Then the operator L — A is invertible in E — I 2 and for 
every it = {«„} G I 2 

(L - A) -1 Mn, = G(n, m; A) w m , (A. 5) 

where G(-, •; A) is the so-called Green function. Due to the periodicity assump- 
tion, 

G(- + N,-+N;\)=G(;-;\) (A.6) 

(periodicity of the Green function along the diagonal). Moreover, the Green 
function possesses an exponential bound of the form 

\G{n,m;X)\ <Ce-^ m -^, n,meZ, (A.7) 

where C > and fx > can be chosen independent of A as A ranges over any 
compact subset of C\a(L) (see, e. g. [25]). Representation (|A. 5|) and inequality 
<|A.7|) imply that for every A G C \ cr(L) the operator (L — A) -1 is a bounded 
linear operator in l p for every p G [1, oo]. Moreover, the space Ek is invariant 
with respect to (L — A) -1 and, for every u G Ek, 

IK^-a)-^,* <c p ||u||, ; , 

with C p > independent of k. In particular, a(Lk) C o~(L). 

Let (a,/3) be a spectral gap of L. Denote by P + and P~ the spectral 
projectors in E = I 2 that correspond to the parts of o(L) lying in (— oo, a] and 
[/?, +oo), respectively. Note that these are orthogonal projectors. The associated 
spectral subspaces are denoted by E + and E~ , respectively. Also, we note that 
cr(Lk) ("1 (a, /?) — 0. We denote by P£ and P k ~ the spectral projectors in Ek 
that correspond to cr(Lfc) PI (— oo, a] and <j{L^) n +oo), respectively, and set 
£?jf = Pj^Ek for the spectral subspaces. 

The projectors P^ are given by the Riesz formula 

1 f „ 



27TJ 



p± = -tt- : (L-X)- l dX, 



where C+ (resp., C_) is a contour in C \ cr(L) encircling <j{L) (~l [/3, +oo) (resp., 
cr(i) n (—oo,o;]) so that a(L) D (-co, a] (resp., cr(L) n [/3, +oo)) lies outside. 
Therefore, P ± is of the form 

P ± u n = ^ K(m,n)u m , (A.8) 
mez 
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where 

K(m,n) = --j-j ^ 
Hence 

\K(m,n)\ < Ce^ 1 ™"™ 1 , m,neZ, (A.9) 



K(m,n) = / G(m,n;X)dX. 

2tt« Jc+ 



with some C > and /i > 0. Note that the right hand part of (| A. 8|> is a bounded 
linear operator in all spaces l p , 1 < p < oo. Moreover, the operators are 
exactly the restrictions of P from Z°° to £/. and, therefore, are given by the 
same formula <|A.8() . Also it is easy to verify the operator 

B = (L- uj)P ± = P ± (L- uj) 

has a representation of the form 

Bu n = ^2 K(m,ri)u m , (A. 10) 

with K(m,n) (not the same as in (|A.8jl ) satisfying l|A.9(l . 

Lemma A.l Let B be an operator of the form $A.10\) satisfying fA.9\) . Then 
for any u G I 2 

lim (BS k u, S k u) k = (Bu,u). 

k — >oo 

The proof is contained in the proof of Theorem 3, 



B Linking 

Here we recall the so-called linking theorem (see j^SlEBl)- Let X — Y Z be 
a Banach space decomposed into the direct sum of two closed subspaces Y and 
Z, with dimY < oo. Let g > r > and let z € Z be a fixed vector, \\z\\ = 1. 
Define 

M = {u = y + Xz : y eY, \\u\\ < g, X > 0} 

and 

N = {u E Z : \\u\\ = r). 
Denote by M = dM the boundary of M, i. e. 

Mo = {u = y + Xz : y 6 Y, \\u\\ = g and A > 0, or ||u|| < g and A = 0}. 

Consider a C 1 functional tp on E and suppose that cp satisfies the Palais- 
Smale condition, i. e. any sequence € E such that (^(it^) is convergent 
and <f' fu«') — > contains a convergent subsequence. Suppose also that 

= inf ip{u) > a = sup p{u). (B.l) 
The last assumption means that <p possesses the so-called linking geometry. 
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Let 

T = {-f eC{M;E) : 7 = idonM }. 

Then 

c = inf sup <p(y(u)) 
7er„ eM 

is a critical value of ip and 

[3 < c < sup <p(u). (B.2) 
ueM 
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